In the present work, we propose to investigate the coefficient estimates for certain subclasses of bi-univalent functions of Ma-Minda type. Some interesting applications of the results presented here are also discussed.
Introduction
Let A denote the class of functions of the form f (z) = z + ∞ n=2 a n z n (1. 1) which are analytic in the open unit disc U = {z : z ∈ C and |z| < 1}. Further, by S we shall denote the class of all functions in A which are univalent in U.
For two functions f and g, analytic in U, we say that the function f (z) is subordinate to g(z) in U, and write
if there exists a Schwarz function w(z), analytic in U, with w(0) = 0 and |w(z)| < 1 (z ∈ U)
such that f (z) = g(w(z)) (z ∈ U) .
In particular, if the function g is univalent in U, the above subordination is equivalent to f (0) = g(0) and f (U) ⊂ g(U).
It is well known that every function f ∈ S has an inverse f −1 , defined by
and f (f −1 (w)) = w |w| < r 0 (f ); r 0 (f ) ≥ 1 4 , where f −1 (w) = w − a 2 w 2 + (2a A function f ∈ A is said to be bi-univalent in U if both f (z) and f −1 (z) are univalent in U. Let Σ denote the class of bi-univalent functions in U given by (1.1). Many interesting examples of functions which are in (or which are not in) the class Σ, together with various other properties and characteristics associated with the bi-univalent function class Σ (including also several open problems and conjectures involving estimates on the TaylorMaclaurin coefficients of functions in Σ), can be found in recent literatures [1, 3, 5, 6, 8] and [11] - [16] .
Let ϕ be an analytic and univalent function with positive real part in U with ϕ(0) = 1, ϕ (0) > 0 and ϕ maps the unit disk U onto a region starlike with respect to 1, and symmetric with respect to the real axis. The Taylor's series expansion of such function is of the form
Throughout this paper we assume that the function ϕ satisfies the above conditions one or otherwise stated. By S * (ϕ) and K(ϕ) we denote the following classes of functions
and
The classes S * (ϕ) and K(ϕ) are the extensions of a classical sets of a starlike and convex functions and in a such form were defined and studied by Ma and Minda [7] . A function f is bi-starlike of Ma-Minda type or bi-convex of MaMinda type if both f and f −1 are respectively Ma-Minda starlike or convex. These classes are denoted respectively by S * Σ (ϕ) and K Σ (ϕ) (see [1] ). Similarly, the familiar classes S * (γ, ϕ) and K(γ, ϕ) of Ma-Minda starlike and convex of complex order γ (γ ∈ C\{0}), which are respectively, characterized by
The classes S * (γ, ϕ) and K(γ, ϕ) were introduced and studied by Ravichandran et al. [10] . Also, a function f is bi-starlike and bi-convex of complex order γ (γ ∈ C\{0}) of Ma-Minda type if both f and f −1 are, respectively, Ma-Minda starlike and Ma-Minda convex of complex order γ (γ ∈ C\{0}). These classes are denoted respectively by S * Σ (γ, ϕ) and K Σ (γ, ϕ). In this paper, estimates on the initial coefficients for bi-univalent functions of Ma-Minda type are obtained. Several related classes are also considered, and a connection to earlier known results are made.
Coefficient Estimates for the Function Class
In order to derive our results, we shall need the following lemma.
Lemma 2.1. (see [9] ) If p ∈ P, then |p i | ≤ 2 for each i, where P is the family of all functions p, analytic in U, for which
Next, a function f ∈ Σ is said to be in the class W Σ (γ, λ, α, ϕ), γ ∈ C\{0}, α ≥ 0, λ ≥ 0, if the following subordinations hold:
and g(w) = f −1 (w). The class introduced in this paper is motivated by the corresponding class investigated in [2, 4] .
It is interesting to note that the special values of α, γ, λ and ϕ lead the class W Σ (γ, λ, α, ϕ) to various subclasses, we illustrate the following subclasses:
where g(w) = f −1 (w). The class R Σ (γ, λ, ϕ) was independently introduced and studied by Tudor [14] and Deniz [3] .
where g(w) = f −1 (w).
Remark 2.2. For γ = 1 the class B Σ (1, α, ϕ) ≡ B Σ (α, ϕ) was introduced and studied by Sivaprasad Kumar et al. [11] (see [16] ). For ϕ(z) =
Remark 2.3. For γ = 1 the class P Σ (1, ϕ) ≡ P Σ (ϕ) was introduced and studied by Ali et al. [1] (see [15] ). For ϕ(z) =
Σ were introduced and studied by Srivastava et al. [12] (see [6] ).
For f ∈ W Σ (γ, λ, α, ϕ), the following coefficient estimation holds.
Proof. Since f ∈ W Σ (γ, λ, α, ϕ), there exists two analytic functions r, s : U → U, with r(0) = 0 = s(0), such that
Define the functions p and q by
or equivalently,
10) It is clear that p and q are analytic in U and p(0) = 1 = q(0). Also p and q have positive real part in U, and hence |p i | ≤ 2 and |q i | ≤ 2. In the view of (2.5), (2.6), (2.9) and (2.10), clearly
(2.12) Using (2.9) and (2.10) together with (1.3), it is evident that
Since f ∈ Σ is of the form (1.1), a computation shows that its inverse g = f −1 has the expression given by (1.2). It follows from (2.11), (2.12), (2.13) and (2.14) that
(2.16)
From (2.15) and (2.17), it follows that 
.
(2.21)
Thus the desired estimate on |a 2 | as asserted in (2.3), follows using the Lemma 2.1 that |p 2 | ≤ 2 and |q 2 | ≤ 2. By subtracting (2.16) from (2.18) and a computation using (2.15) finally lead to
Applying Lemma 2.1 once again, we readily get the estimate given in (2.4). If we set ϕ(z)
) and defined as
have W Σ (γ, λ, α, β) and f ∈ W Σ (γ, λ, α, β) if the following conditions are satisfied:
where g(w) = f −1 (w). 
